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The study of motion without regard to forces.

Kinematics

* Degree of Freedom
« The number of coordinates needed to define its position in space

* One-DOF Mechanism: DOF=1
* Multi-DOF Mechanism: DOF>1
 Structure: DOF=0
* Preloaded Structure: DOF<1

* Mechanisms: variants of a linkage

* A collection of links and joints, one of which is grounded, and all
are interconnected in a way to provide a controlled output in
response to one or more inputs.



The construction of a linkage 4

Links, Joints & Mobility

* Link j— Nodes ————

/
» Arigid body of any shape that has some

number of attachment points called \ 4 g
nodes, that allow multiple links to be b
connected by joints o 2 9

1 Binary link Ternary link Quaternary link
« Joints e y &

° Characterized by their geometry’ by the (@) Some links—their names reflect the number of nodes
number of DOF they allow between the 6”7~
links they join, and by whether they are

held together (closed) by a force or by 46 +—
their form (geometry) | e D | s A IAe 5,
® KUtZ baC h E q U ati 0 n Prismatic(P) joint—1 DOF Pin in slot—2 DOF 3 “
(form closed) (form closed) Link against plane—2 DOF
Revolute (R) joint—1 DOF (force closed)
M —_:3([4_1)_2.]] _J2 (form closed)

A6
0 < ¥
Ay CAQ

: T - X Q/E: Ay A
M: Mobility (DOF) IQTT’ THHHEN o A o
L: the number of links = g Y :}\JD:

Planar (F) joint—3 DOF

J_1: the number of one-DOF joints rrdr i I s SO o S Cloves Hosed)
\]_2 th e nU m be r Of tWO' DO F J O i ntS (b) Some joint types—note their DOF and type of closure

[Doesn’t really work]



Four binary links connected by four pin joints

The Fourbar Linkage

« Grashof Criterion S+L<P+Q

« S/ L: The length of the shortest / longest link -
* P & Q: The lengths of the other two |

T T o
- ler3__q--"- ground 1 < |
» A Grashof Linkage R WS
o : \ rocker 4 . \ rocker 4
« At least one link can ek \ crank 2/ \ .
Y = = e = D Ot —_("
revolve fully LS pomd ] coupler 3~
e |t has “Change_poin‘[” o (a) Crank rockers
positions when equal
[S'ﬂgUIa“ty] 1 rocker 21‘13_
(et - %ground] ' crank2
coup]er3/x‘ » A ;{;\ __— \‘x‘.coupler3
Fourbar linkage is simply T\ i "
- ) \ ;’— ’?:>x— e _1,I ,.-;'.:’\
the best linkage of all. T crank4 [

\ (b) Double rocker . (© Double crank



Variants of the Fourbar Linkage

Fourbar Crank-Slider & Slider-Crank

« |If a rocker of a fourbar crank rocker linkage is increased in length indefinitely, it
effectively becomes infinite in length and the linkage is transformed into a fourbar

crank-slider, which is similar for a fourbar slider-crank.

Connecting rod

Slider block -

Piston — - &\
/
R TR NS S G /// ,%
N LINLLLRRNY P 3 V’
\ &) <3,
TR CRSRRNIAN AN \J‘ B2 2 Cldnk ‘/1/\//
N\ / N ORI OO XX 4
- -]- - l BRI R HRTR 1\
‘ \
7 ] \— Cylinder
‘,\'V)' , ,_./ | "‘}‘,. . 1 =
Effective link 4 | E.Ht,Ct.th 1.0cl‘\c.1 ~ Gas pressure
pivot is at infinity
(o o]

(a) Crank-slider—crank drives slider (b) Slider-crank—slider drives crank



Another Variant of the Fourbar Linkage 7

Cam and Follower

 The crank takes a contoured shape.

* Can be viewed as a fourbar crank-slider or slider-crank in which the crank and
coupler are able to change their lengths as the cam rotates.

Instantaneous center Effoctive linlk 2 Effective link 3 Follower
of cam curvature — Ellective lin
Effective link 2 —"\ \z/ /*Halfjoint Half joint
L/ L e
y, B ¥ VJhees
0)') // \\..‘ | /l\q\% ’H‘;’.’ Camx //’\
i Y{ /—\—v / - /
‘ﬁ :—é«&._%n/ ‘ \ ) ! y,
% ! - \, N Follower ) /
Cam e . ‘\ St -
- — Spring e
(0F) / I
TR !/ parallel \\_ Effactive Bink 4 = \\U

effective links

Instantaneous center
meet@ oo 1

of cam curvature tifective link 4

(a) Cam with sliding follower—a variant of a crank-slider (b) Cam with oscillating follower—a variant of a crank-rocker



Complex Motion = Translation (X, y) + Rotation (theta)

Analyzing Linkage Motion

+ i . .
e “1%= cosB + jsin®
Polar form: R e ’®
| Cartesian form: Rcos6 + jRsin@ Imaginary
A
| | R = Ry g
Imaginary i B = o~ Rp=jR
i A /
J
A ) /
T " ) Re=jR=—R" »+0
\ |
. ) \\ - ‘ ® \ -
jRsin© C 0 N Real
'\ N
. - P4 RA
3
Real Rp=jR=—jR—
Rcos 8 Y

a) Complex number representation of a position vector (b) Vector rotations in the complex plane



Kinematic Analysis: Position => Velocity => Acceleration 9

Analyzing the Fourbar Linkage

Vector Loop R,+R,-R,-R, =0 ‘ ae’®? +be’® —ce® _ g0~

Equation ‘

a(c0392 +jsin92)+b(cos€)43 +jsin(-)3)—c(cose4 +jsin(34)—d(cos(9l +jsinOl)= 0

Real Part acos®, +bcosO, —ccosh, ~dcos, =0
but: 91 =0, so:

acos®, +bcosO; —ccosO, —d =0
— — — — — — i — — — — — — — — — — — —

Jjasin®, + jbsin®, — jesin 0, - jdsin®, =0

but: 0, =0, and thej's divide out, so:

Imaginary Part asin®, +bsin6, ~csin@, =0




Crossed vs. Open solutions

10

The Two Solutions to theta 3/4
of the Fourbar Position Equation

///' \\ 021 X =2arctan[——————_5i 71;7)—4DF ]
/ . 9 1.2 ~
/ AY ,— Open
/ where D =cos0, - K, +K,cos0, + K5
Ly Sl 4 E =-2sin6,
" . i '/ F=K, +(K,—1)cos, +K;
~1 \‘ \ &~ -
3 . ol % _d B _d K __cz—dz—az—b2
0 " dﬂ 1" a 47 57 2ab
3 | X W
- -t
Ly \
‘ t'. A 94
A J / \\‘ b
y 05 0, \ N\ \
o1 \ N \ \
O' AW W / l“ E: \ () - X
ht . ~B+VB? —4AC
. . 0, ~=2arctan
”\ SR e 2A

“—— Crossed

where: /\=C0592—K1—K200592+K}
B=—2sine2
C=K; —(K2+I)00562+K3

(5 ) 7
d _d @’ =b*+c? +d?

and: K, = K, K,=

a c - 2ac




Kinematic Analysis: Position => Velocity => Acceleration 11

Velocity Equation of the Fourbar Linkage

Vector Loo
PR, +Ry-R,-R =0 mmmm) ac’® +be/ —ce™® —q0/% =g
Equation
Aferentiate with respect to time to get velocity.
0. dO, do do,
Jae /9 d—+ﬂ)e 93 273 Jce’e 7 —4 -0
! ! I V, = jaw, (cosﬁz + jsin 82)= am, (—sin 0, +_jc0392)
but. djz —0y; djs o ;///,/d;a’;@{/,/» Vi = jb oy (cosOy + jsinBy ) = bw, (~sin; + jcos6; )
! J— ! ;,://”’//:__,- ___________ » Vp=jcmy (c0s94 + jsin 94)= ON (—sin04 +J c0304)
S0: jﬂﬂ)sz'iez +J."b(103.ej93 —jc‘m4e'i94 =0
Y4 - VBaA -
. (l)_'{ + p B “
: _ R Vg Y
e “1%= cos0 + jsin® y 5 b Vg
)2l 3 R3 R Vpa
H — 4 vl
A 03 \I
7 - X - (b)
7 a C 84
el V4
R, 02 —A \\
[ ) \' d iy 4
7 ‘\‘ —u)_ > X
SN R S




Kinematic Analysis: Position => Velocity => Acceleration -

Acceleration Equation of the Fourbar Linkage

VeCtor LOOp R-)'{"'R R R ___0 ‘ +b() 3 _(-»e d‘)l 1 —O

Equation -
o 0 0 Aferentiate with respect to time to get velocity.
jau)?‘ej 2 +jb(l)3€J 3 —jc‘(:)4e" =0

l Differentiate with respect to time to get acceleration.

Jj au}, 92 + jao., e /9 ) (} b(l)“ 793 +jboye /93 )—(j?‘c‘mi ¢%4 + jeoy /% ):0

l Rewrite for physical meaning.

A, +A, —A,=0
A, =(A" +A”)=(ﬂ0‘.2j€ : am; ¢’ "’) A,
. Rz
ABA=( +A’; )=(ba; je’ bu)“ / ‘) . ,«""_,Y
2 ¥ AN
[0)) —\\92\_"
ABz(AB+A ) ((‘(14j€ P —cwj j*) i\

(@) (b)



Cam-Follower Linkage 13

Cam Design & Analysis

 Dwell

» The cessation of follower motion while the cam
rotation continues for a portion of the cycle

Motion A Cam Timing Diagram svaj Diagram

mm or in

Displacement

Velocity
0 >
0 90 180 270 360 Camangle ® deg Acceleration 4
0 0.25 0.50 0.75 1.0 Time ! sec
o+ e+ et Gy i o 1+, General Polynomial Form %K |
e ’ ' of Displacement Function
The crank takes a contoured shape. 0 pr2 B

* Fundamental Law of Cam Design

« The motion function must be piecewise continuous over the entire cam through
the second derivative of displacement.

 No discontinuities in the position, velocity, or acceleration functions over the
full cycle of the cam.



Determines what percent of the force goes into motion and what percent is trying to jam the follower sideways in its guide.

14

Pressure Angle

 Definition
* The angle between the
velocity of the follower and
the common normal at the

contact point between cam
and follower.

* Rule of thumb

» Keep the maximum pressure
angle below about 30 degree
for a translating follower.

Pressure angle

Common normal

(axis of transmission)

Common tangent

(axis

of slip)

Prime circle

radius

(!)( am

Eccentricity

Follower

Pitch curve

Lt *

s+ JR‘,E, -g*

Q = arctan

Follower axis
of motion




One must understand the nature of forces before attempting to perform an extensive stress or deflection analysis
of a mechanical component.

15

Equilibrium & Free-body Diagrams
« Equilibrium: A System with Zero Acceleration.

* Free-body Diagrams: A means of breaking a complicated problem

Into manageable segments, analyzing these simple problems, and
then, usually, putting the information together again.

> M, = F(0.75) — 240 = 0

F = 320 Ibf
YF=0
Ry, = 192 Ibf, R,. = 69.9 Ibf,
SM=0 Ry, = 128 Ibf, Ry, = 46.6 Ibf,
- R¢, = 192 Ibf, Re, = 69.9 Ibf,
Rp, = 128 Ibf, R, = 46.6 Ibf,
T, = 480 Ibf - in.
Rg,| Ea I‘I{'ﬂ
| Az Ay T. =240 1bf+in
.




Three-Dimensional & Two-Dimensional Analysis 16

Load Analysis

* Newton’s First Law (Governing Assumption)

» A body at rest tends to remain at rest and a body EF = ma EFJ =ma, ZF. = ma EF =ma,|
in motion at constant velocity will tend to l ' "
maintain that velocity unless acted upon by an
external force.

M, =H, Hg =1,0,i+1,0,j+1.0k
e Newton’s Second Law (Calculated Guess) Iy, 1y, and I are the principal centroidal mass moments of inertia
« The time rate of change of momentum of a body fThese 6 equations (ZM -1 (1,-1,)o,0
is equal to the magnitude of the applied force | can be written for I o et |
and acts in the direction of the force. each rigid body I I DMy Lo (1 -1 oo, |
: . . I in a 3-D system M, =1p. I, -1, |00,
e Newton’s Third Law (Interactive Analysis) ~ _y ) \Z U ( = F ) ~
«When two particles interact, a pair of equal and Moments  Angular Accelerations
opposite reaction forces will exist at their p —_——_———
contapt point. This force pair will ha.ve the same I Needs to be solved simultaneously for the forces and
magnitude and act along the same direction line,

. moments
but have opposite sense. |

— — — —

Total # of Load # of rigid
bodies the

system

+
Egs. to solve (3 Force Egs.

for a system

3 Moment Egs.)




A Case Study 17

Fourbar Linkage Loading Analysis

 [Problem] Determine the theoretical rigid body forces acting in two dimensions
on the fourbar linkage.

 [Given] The linkage geometry, masses, and mass moments of inertia are known
and the linkage iIs driven at up to 120 rpm by a speed-controlled electric motor.

04 =18 1in (457.2 mm) |
»-A=6in(152.4 mm) |
-8B =161n (406.4 mm) |
4,-B =12 in (304.8 mm) :




Elements in a Fourbar Linkage

18

Given and Assumed Data

Variable Value Unit
0> 30.00 deg
(05 120.00 pm
massy 0525 kg
mass; 1.050 kg
massy 1.050 kg
leg2 0.057 kg-m?
lega 0.011  kg-m?
lega 0.455  kg-m?
Riax -46.9 mm
Ry -71.3 mm
R3¢ 85.1 mm
R3ay 4.9 mm
Ra3y  -150.7 mm
Ryzy 1776 mm
R43y 185.5 mm
Ry3y 50.8 mm
Ryax -215 mm
Ry4y -100.6 mm
R34y -10.6 mm
R34y 204.0 mm

Free-Body Diagrams

For link 2:

DE = FptFy = mydGy

D Fy = Figy+ gy = Myl

For link 3:
ZF-\' =Py +F3, = mags
2”:\' =Fyy +Fy = maags
ZM: i (Rm P = R”"FZ-“‘\‘)J' (R43.v Fyy =Ry Fis, ) =16303

r link 4:

zf‘ =hythy, = Myl

A F2
iy E”} =l thy, = 4G,
@] ZM; :[R\-HFH\ “ Ry P, ]*("’;m’fuv =Ry Fay | =1g40y
x and y forces on joint 12 xand y forces on joint 14
100
200:1
. 0 T —— e — e N 1
Z 100
z -100 ot
Z g
_3()0;} 0 e e/ B
=300 B e B e B e e e B
0 60 120 180 240 300 360 0 60 120 180 240 300 360

crank angle - degrees crank angle - degrees



If the elements in the system were infinitely stiff, then vibrations would be eliminated.

Vibration Loading

 All real elements of any material have elasticity

 Thus act as spring when subjected to forces

» Causing deflection to produce additional forces to be generated from the inertial forces
associated with the vibratory movement of elements;

 |If clearances allow contact of mating parts, may generate impact (shock) loads during their
vibrations.

* How to predict?

« Modern finite element (FEA) or boundary element (BEA) analysis techniques are good
ways to model and calculate

» Break up the assembly into a large number of discrete elements
« Limited by time and the computing resources available

 Field or Scaled experimentations

* How to eliminate?
 Better Design or Better Design Engineers



Model Vibration Loadings

20

Natural Frequency & Dynamic Forces

* A system’s lowest frequency (a calculated estimation)
« Usually creates the largest magnitude of vibration

undamped fundamental natural frequency ®,, o, =,/—

Jp =70y,

* Metrics
e Spring Constantk k=
» Dampingd +-£

E F, = ma=my

r F.\/ning —F damper =my
Foy =1y + dy+ky
(a) Theoretical and 104
actual dynamic f I - actual
x direction at k SW\A/\ /\ /\/\/\/
ivot [
P ol NN W avA
‘ U \f\/ \J A4
5 5+ /
-10+ theor /
-151
20+ :
f J
(b) Theoretical and 400_{
ual dynamic torq \ il 1
rank pivot 300 + I th J'
d theoretical
200+ "
00+ o
0 f\v/\v/\ [\U [\ n ~A Vv
5 L L
100+ y U UVV )
200 ‘—
-300 +




Shear Force & Bending Moments 2l

Figure 3-2

Free-body diagram of simply-
supported beam with V and M
shown in positive directions
(established by the conventions
shown in Fig. 3-3).

Figure 3-3

Sign conventions for bending
and shear.

Figure 3-4

Distributed load on beam.

Beam Loading

y y If the beam is cut at some

. Pl . section located at x = x 1 and
l 1 l l ; l . the left-hand portion is removed
X l ‘) .~ © asa free body, an internal shear

A A
« T oy force V and bending moment M
R, R, Ry must act on the cut surface to
(@) (b) ensure equilibrium.
dM
- = 7 V=—
( ) ( ) dx
Positive bending Negative bending v
J dV=VB—VA=J q dx
Vi XA
My Xp
Positive shear Negative shear am = MB B MA N j Vi
My Xa
y g a distributed load g(x) Advanced Textbooks
T T WV M are recommendeo_l to
—=—=9q further study this

o 2
E— — d dx topic in depth.
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